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CHAPTER 9 

COMPLEX DURATION DISTRIBUTIONS 

 

Accurate modeling of many data sets requires an extension of the work 

presented thus far. The Markovian assumption restricts the expressive power of 

CTBNs to modeling exponential distributions over time. The constitutes a 

significant limitation to the expressive power of our framework since the 

distribution between state transitions for even a single variable are often more 

complex than the exponential distribution. However, with the extension of the EM 

to CTBNs, we can now address this limitation.  

 

9.1 PHASES-TYPE DISTRIBUTIONS 

Phase-type distributions are a rich, semi-parametric class of distributions 

over durations that use the exponential distribution as a building block. A phase-

type distribution is modeled as a set of phases, through which a process evolves. 

Each of these phases is associated with an exponential distribution, which encodes 

the duration for the process to remain in that phase. That is, we enter a phase k, 

and then leave in time t exponentially distributed with the parameter qk associated 

with that phase. We can view the process as moving over a directed, possibly 

cyclic graph of nodes each of which represents a phase. 
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9.2 CTBN DURATIONS AS PHASE-TYPE DISTRIBUTIONS 

One can directly model the distribution in state x of variable X in CTBN N 

as any phase-type distribution instead of an exponential distribution. When using 

this phase modeling method, the structure of the intensity matrix must be altered 

by adding phases as additional rows (and columns). We use the term phases to 

distinguish additional hidden state in the intensity matrix from states of the 

variable. Thus, a subsystem of several phases is used to implement a single state 

of a variable. In this context there is no absorption and the “final” transition of the 

phase-type distribution is the transition of the variable to its the next state.  

 

9.3 USING HIDDEN VARIABLES 

An alternate method of allowing complex duration distributions for the 

states of a variable X in CTBN N is to introduce a special hidden variable HX as a 

parent of X. For example, suppose HX has 3 states and X has 2 states. Using 

direct phases, we can rewrite a 6×6 intensity matrix for X having 3 phases for 

each of its 2 states corresponding to the hidden state of HX. Conversely, many 

complex duration distributions expressible by direct phase modeling cannot be 

expressed using hidden variables. 
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9.4 PARAMETER ESTIMATION 

We have now described the representational issues involved in modeling 

complex duration distributions within a CTBN. In general, using a more complex 

duration distribution involves adding extra parameters to our model. Our 

observations of a phase-distributed variable are always partial in that we might 

observe the current state of a variable but never its associated phase. If we model 

the duration in the state X = x with parent instantiation U = u as an Erlangian-p 

distribution (for a fixed value of p), Then the maximum likelihood (MLE) 

parameters can be written as a function of the sufficient statistics as 

The mean of the Erlangian-p distribution with parameter qx|u is p/qx|u. 

Moreover, the use of the Erlangian distribution to model the duration does not 

affect the multinomial distribution over the state to which we transition. For more 

general phase-type distributions, we use EM for parameter estimation. Essentially, 

if we have N variables we run EM over N small, independent networks. Each 

separate network includes one variable with its parents.  

 

9.5 RESULTS 

We learned structures and parameters for a time-sliced DBN with a time-

slice width of 1 year, a standard CTBN, and a CTBN with 2 phases for every state 

of every variable. The DBN and plain CTBN models are comparable, with the 



 [ 45 ] 

DBN doing better with more data due to its increased flexibility (due to intra-time 

slice arcs, DBNs have more potential parameters). However, the phase-type 

distributions increase the performance of the CTBN model; the trajectories are 

approximately twice as likely as with the other two models.  

The parameters are interesting. This chapter addresses one of the primary 

limitations of the CTBN model. Although one can learn discrete-time models that 

use the finest level of granularity, the geometric duration distribution of such 

models (which is particularly marked in fine-grained time models) can be a poor 

fit to the true duration distribution.  


