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CHAPTER 4 

LIKELIHOOD AND SUFFICIENT STATISTICS 

 

In the last chapter we defined CTBNs. As we look towards the next 

chapters which will cover the task of learning CTBNs from data, we must first 

answer a few basic questions. What do we mean by data? What is the probability 

or likelihood of some set of data, given a CTBN model? If our data is, in some 

sense, incomplete how do we calculate the expected likelihood? These are the 

questions explored in this chapter. 

Since CTBNs are a member of the exponential family of models, the 

likelihood of a data set can be expressed in terms of sufficient statistics aggregated 

over the data. We will show the form these statistics have and that, just as with 

BNs, the likelihood of a CTBN decomposes as an aggregate of local likelihoods. 

We also provide a method for calculating expected sufficient statistics and discuss 

computational issues associated with that calculation. 

 COMPLETE DATA 

 INCOMPLETE DATA 
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4.1 SINGLE MARKOV PROCESS 

We begin by considering the likelihood of complete, or fully observed, 

data. Consider a homogeneous Markov process X(t). As all the transitions are 

observed, the likelihood of D can be decomposed as a product of the likelihoods 

for individual transitions d. Let d = (xd, td, x′ d) ε D be the transition where X 

transitions to state x′d after spending the amount of time td in state xd.  

 

4.2 EXPONENTIAL FAMILY 

We can write the sufficient statistics of our data D as a vector                          

vs[D] = {T[x],M[x, x′]} consisting of the amount of time spent in each state x 

followed by the number of transitions from every state x to every other x′ where x, 

x′ ε Val(X). Similarly, using the pure intensity parameterization, we can write a 

vector of the parameters of Q, the intensity matrix, vp = {qx, ln(qxx′)} consisting 

of the intensity of leaving each state x followed by the log of the intensity of 

transitioning from state x to state x′. 

 

4.3 COMPUTING EXPECTED SUFFICIENT STATISTICS 

In many situations we do not have access to continuous observation of 

every part of the system. If there are gaps in our observation of the system, then 

we are unable to compute the sufficient statistics — we do not know how many 
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transitions may have occurred, nor do we know when they occurred. So, we are 

unable to compute T[x] or M[x, x′]. But we do have a model, which gives us a 

distribution over trajectories. Hence, we compute expected sufficient statistics: the 

expected amount of time we spend in each state, E[T[x]], and the expected 

number of transitions from one state to another, E[M[x, x′]]. 

So, given an n-state homogeneous Markov process Xt with intensity matrix 

QX, our task is to compute the expected sufficient statistics with respect to the 

posterior probability density over completions of the data given the observations 

and the current model. For simplicity, we omit the explicit dependence on the 

parameters qk, _k. This computation is not straightforward. The space of 

trajectories is infinite in the times at which an unknown transition may have 

occurred. 

 

4.4 COMPUTING EXPECTED SUFFICIENT STATISTICS 

In many situations we do not have access to continuous observation of 

every part of the system. If there are gaps in our observation of the system, then 

we are unable to compute the sufficient statistics — we do not know how many 

transitions may have occurred, nor do we know when they occurred. So, we are 

unable to compute T[x] or M[x, x′]. But we do have a model, which gives us a 

distribution over trajectories. Hence, we compute expected sufficient statistics: the 
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expected amount of time we spend in each state, E[T[x]], and the expected 

number of transitions from one state to another,  E[M[x, x′]]. 

So, given an n-state homogeneous Markov process Xt with intensity matrix 

QX, our task is to compute the expected sufficient statistics with respect to the 

posterior probability density over completions of the data given the observations 

and the current model. For simplicity, we omit the explicit dependence on the 

parameters q
k
, 

k. This computation is not straightforward. The space of 

trajectories is infinite in the times at which an unknown transition may have 

occurred. 

 

4.4.1 EXPECTED AMOUNT OF TIME 

The sufficient statistic T[j] is the amount of time that X spends in state j 

over the course of trajectory σ. 

 

4.4.2 EXPECTED NUMBER OF TRANSITIONS 

The sufficient statistic M[j, k] (j 6= k) is the number of times X transitions 

from state j to state k over the course of trajectory σ. 
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4.5 CTBNS 

In a CTBN N, each variable X ∈  X is conditioned on its parent set U, and 

each transition of X must be considered in the context of the instantiation to U. 

With complete data, we know the value of U during the entire trajectory, so we 

know at each point in time precisely which homogeneous intensity matrix QX|u 

governed the dynamics of X. 

 

4.6 DISCUSSION 

In this chapter we showed how to compute the likelihood of a data given a 

CTBN model. This infrastructure will be crucial to the algorithms we develop 

over the next few chapters to support learning and inference tasks.  

 

 


