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CHAPTER 5 

LEARNING WITH COMPLETE DATA 

 

In the last chapter, we saw how to compute the likelihood of a data set 

given a CTBN model. But what if we do not have a CTBN model? The likelihood 

function can still help us because there is a clear relationship, by Bayes’ theorem, 

between the likelihood (i.e., probability of a data set given a model) and the 

probability of a model given a data set. 

In this chapter we will show how to learn CTBN parameters and structure 

from complete data. The basic methods are analogous to standard Bayesian 

network techniques, but the formulae and derivations are substantially different. 

One significant point of departure between BNs and CTBNs is model search: we 

will see that the search space over CTBN structures is substantially simpler than 

that of BN or DBN structures. 

 

5.1 PARAMETER ESTIMATION 

We first consider the problem of estimating the parameters of a CTBN with 

a fixed structure G. As usual, this problem is not only useful on its own, but also 

as a key component in the structure learning task. 
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5.1.1 BAYESIAN APPROACH 

To perform Bayesian parameter estimation, and to define a Bayesian score 

for our structure search, we need to define a prior distribution over the parameters 

of our CTBN. As usual, for computational efficiency, we want to use a conjugate 

prior — one where the posterior (after conditioning on the data) is in the same 

parametric family as the prior. 

 

5.2 LEARNING STRUCTURE 

We now turn to the problem of learning the structure of a CTBN. We take a 

score based approach to this task, defining a Bayesian score for evaluating 

different candidate structures, and then using a search algorithm to find a structure 

that has high score. 

 

5.2.1 MODEL SEARCH 

Given the score function, it remains to find a structure G that maximizes 

the score. This task is an optimization problem over possible CTBN network 

structures. Interestingly, the search space over CTBN structures is significantly 

simpler than that of BNs or DBNs. Chickering et al. (1994) show that the problem 

of learning an optimal Bayesian network structure is NP-hard. Specifically, they 
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define the problem k-Learn: Finding the highest scoring Bayesian network 

structure, when each variable is restricted to have at most k parents. The problem 

k-Learn is NP-hard even for k = 2. Intuitively, the reason is that we cannot 

determine the optimal parent set for each node individually; due to the acyclicity 

constraint, the choice of parent set for one node restricts our choices for other 

nodes. The same NP-hardness result clearly carries over to DBNs, if we allow 

edges within a time slice.  

However, this problem does not arise in the context of CTBN learning. 

Here, all edges are across time — representing the effect of the current value of 

one variable on the next value of the other. Thus, we have no acyclicity 

constraints, and we can optimize the parent set for each variable independently.  

 

5.3 STRUCTURE IDENTIFIABLY  

As shown in section 3.5 any variable-based stochastic process has a unique 

minimal CTBN representation, so an important question is whether we can 

identify this CTBN from data. Our learning algorithm searches for the network 

structure that maximizes the Bayesian score. An entire concept is explained using 

some definition and Example. 
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5.4 DISCUSSION 

We have presented maximum likelihood and Bayesian approaches to 

parameter estimation for CTBNs and a Bayesian structure learning algorithm. As 

we showed, learning temporal processes as a CTBN has several important 

advantages. As we are not discretizing time, we do not need to choose some single 

time granularity in which to model the process. The model for each variable can 

reflect its own time granularity, better representing its evolution. Additionally, 

structure search under the constraints of a fixed limit to the number of parents per 

node can find the highest scoring structure in polynomial time. We continue the 

discussion of these algorithms in the next chapter where we will use these 

algorithms to compare the CTBN framework with the DBN framework. 


